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Variational Inequality

Find point x∗ ∈ K satisfying

g(x)− g(x∗) + 〈F (x∗), x − x∗〉 ≥ 0, for all x ∈ K, (1)

K ⊂ Rd is a convex set,

g : Rd → R ∪ {+∞} is a proper lower semi-continuous convex
function,

F : K → Rd is monotone operator, i.e. 〈F (x)− F (y), x − y〉 ≥ 0 for
all x , y ∈ K.

Stochastic setting:
F (x) = Eξ [F (x ; ξ)] . (2)
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Examples

Convex minimization:
min
x∈X

f (x), (3)

where X ⊂ Rd is a convex set, f : X → R is a convex function.

F (x) = ∇f (x).

Convex-concave saddle point problem:

min
x∈X

max
y∈Y

f (x , y), (4)

where X ⊂ Rdx and Y ⊂ Rdy are convex sets, f : X × Y → R is
convex in x and concave in y .

F (x) =

[
∇x f (x , y)
−∇y f (x , y)

]
.
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Extragradient Method

Algorithm 1 Extragradient Method for Variational Inequalities.

1: Parameters: x0 ∈ K, stepsize η > 0
2: for t = 0, 1, 2, . . . do
3: y t = proxηg (x t − ηF (x t))
4: x t+1 = proxηg (x t − ηF (y t))
5: end for
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Stochastic Extragradient Method

Algorithm 2 Stochastic Extragradient Method for Variational Inequalities.

1: Parameters: x0 ∈ K, stepsize η > 0
2: for t = 0, 1, 2, . . . do
3: Sample ξt

4: y t = proxηg (x t − ηF (x t ; ξt))
5: x t+1 = proxηg (x t − ηF (y t ; ξt))
6: end for
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Convergence

Theorem (strongly-monotone case)

Assume that g is a µ-strongly convex function, operator F (·; ξ) is almost
surely monotone and L-Lipschitz, and that its variance at the optimum x∗

is bounded, i.e.
E‖F (x∗; ξ)− F (x∗)‖2 ≤ σ2.

Then, for any η ≤ 1/(2L)

E‖x t − x∗‖2 ≤ (1− 2ηµ/3)t ‖x0 − x∗‖2 + 3ησ2/µ.
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Convergence

Theorem (weakly-monotone case)

Let g be a convex function, F (·; ξ) be monotone and L-Lipschitz almost
surely. Then, the iterates of Algorithm 2 with stepsize η = O(1/(

√
tL))

satisfy for any set X

sup
x∈X

{
g(x̂ t)− g(x) +

〈
F (x), x̂ t − x

〉}
≤ 1√

tL
sup
x∈X

{
L2

2
‖x0 − x‖2 + σ2x

}
.

where x̂ t = 1
t

∑t
k=0 y

k and σ2x
def
= E‖F (x)− F (x ; ξ)‖2, i.e. σ2x is the

variance of F at point x .
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Bilinear Min-Max Problem

min
x

max
y

f (x , y) = x>By + a>x + b>y , (5)

where B is a full rank square matrix.

Algorithm 3 The extragradient method for min-max problems.

Require: Stepsizes η1, η2, initial vectors x0, y0

1: for t = 0, 1, . . . do
2: ut = x t − η1∇x f (x t , y t)
3: v t = y t + η1∇y f (x t , y t)
4: x t+1 = x t − η2∇x f (ut , v t)
5: y t+1 = y t + η2∇y f (ut , v t)
6: end for
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Bilinear Min-Max Problem

Theorem

Let f be bilinear with a full-rank matrix B and apply Algorithm 3 to it.
Choose any η1 and η2 such that η2 < 1/σmax(B) and η1η2 < 2/σmax(B)2, then
the rate is

‖x t − x∗‖2 + ‖y t − y∗‖2 ≤ ρ2t(‖x0 − x∗‖2 + ‖y0 − y∗‖2),

where ρ
def
=

max{(1−η1η2σmax(B)2)2+η22σmax(B)2, (1−η1η2σmin(B)2)2+η22σmin(B)2}.
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Bilinear Min-Max Problem

Corollary

Under the same assumption as in Theorem 3, consider two choices of
stepsizes:

1 if η1 = η2 = 1/(
√
2σmax(B)) we get

‖x t − x∗‖2 + ‖y t − y∗‖2 ≤

(1− σmin(B)
2/6σmax(B)2)

2t
(‖x0 − x∗‖2 + ‖y0 − y∗‖2),

2 if σmin(B) > 0, and η1 = κ/(
√
2σmax(B)2), η2 = 1/(

√
2κσmax(B)2) with

κ
def
= σ2

min(B)/σ2
max(B)

, then the rate is

‖x t − x∗‖2 + ‖y t − y∗‖2 ≤

(1− σmin(B)
2/4σmax(B)2)

2t
(‖x0 − x∗‖2 + ‖y0 − y∗‖2).
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Non-convex minimization

min
x

Eξf (x ; ξ), (6)

where f (·; ξ) is smooth but potentially non-convex function.

Assumption (bounded variance)

There exists a constant σ > 0 such that for all x it holds

E‖∇f (x ; ξ)−∇f (x)‖2 ≤ σ2.
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Non-convex minimization

Theorem

Choose η ≤ 1
4L and apply extragradient to (6). Then, its iterates satisfy

E‖∇f (x̂ t)‖2 ≤ 5

ηt
(f (x0)− f ∗) + 11ηLσ2,

where x̂ t is sampled uniformly from {x0, . . . , x t−1} and f ∗ = infx f (x).

Corollary

If we choose η = Θ (1/(L
√
t)), then the rate is O ((f (x0)−f ∗)/

√
t + σ2/

√
t),

which is the same as the rate of SGD under our assumptions.
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Experiments: Bilinear Min-Max Problem
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Figure: Comparison of using independent samples and averaging as suggested
by [Juditsky et al., 2011] and the same sample as proposed in this work. The
problem here is the sum of randomly sampled matrices minx maxy

∑n
i=1 x

>Biy .
Since at point (x∗, y∗) the noise is equal 0, the convergence of Algorithm 3 is
linear unlike the slow rate of [Juditsky et al., 2011]. ’EGm’ is the version with
negative momentum equal β = −0.3.
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Experiments: Generating Mixture of Gaussians

Figure: Top line: extragradient with the same sample. Middle line: gradient
descent-ascent. Bottom line: extragradient with different samples. Since the
same seed was used for all methods, the former two methods performed extremely
similarly, although when zooming it should be clear that their results are slightly
different.
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Experiments: Adam vs ExtraAdam
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Figure: Adam and ExtraAdam results of training conditional GAN for two epochs.
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Experiments: Adam vs ExtraAdam

(a) Adam (b) ExtraAdam

Figure: Adam and ExtraAdam results of training self attention GAN for two
epochs.
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